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MIXED SCHUR-WEYL DUALITY BETWEEN GENERAL LINEAR LIE 
ALGEBRAS AND CYCLOTOMIC WALLED BRAUER ALGEBRAS 

HEBING RUI AND LINLIANG SONG 


Abstract. Motivated by Brundan-Kleshchev’s work on higher Schur-Weyl duality, we es¬ 
tablish mixed Schur-Weyl duality between general linear Lie algebras and cyclotomic walled 
Brauer algebras in an arbitrary level. Using weakly cellular bases of cyclotomic walled 
Brauer algebras, we classify highest weight vectors of certain mixed tensor modules of gen¬ 
eral linear Lie algebras. This leads to an efficient way to compute decomposition matrices of 
cyclotomic walled Brauer algebras arising from mixed Schur-Weyl duality, which generalizes 
early results on level two walled Brauer algebras. 


1. Introduction 

The classical Schur-Weyl duality sets up a closed relationship between polynomial rep¬ 
resentations of general linear groups and representations of symmetric groups M- In 0, 
Brundan and Stroppel established higher super Schur-Weyl duality between general linear 
Lie superalgebras 0[m|n nnd level two degenerate Hecke algebras. In order to generalize their 
results in mixed cases, affine walled Brauer algebras and their cyclotomic quotients were in¬ 
troduced in [21]. See also |11[23|. Moreover, using weakly cellular bases of level two walled 
Brauer algebras, highest weight vectors of some mixed tensor modules have been classified 
in |22j . This leads to an efficient way to compute decomposition matrices of such level two 
walled Brauer algebras via the structures of indecomposable tilting modules in the category 
of finite dimensional rational representations for In particular, such level two walled 

Brauer algebras are multiplicity free in the sense that their decomposition numbers are either 
1 or 0. 

Motivated by Brundan-Kleshchev’s remarkable work on higher Schur-Weyl duality between 
general linear Lie algebras and degenerate cyclotomic Hecke algebras [6], we will extend the 
mixed Schur-Weyl duality in [3l [T^[2TH23] to an arbitrary level as follows. 

Let R be a commutative ring contains 1, uja,t0a, a € N such that Ua are determined by 
io^s via m Corollary 4.3]. The affine walled algebra can be realized as the free R- 
module i?[xr] (8) ^r,ti^o) ® R[xt], the tensor product of the walled Brauer algebra 
with two polynomial algebras R[xr] := R[xi,X 2 , - ■ ■ ,Xr] and R\xt] := R\xi,X2, ■ " such 
that R[x.r] 8) R&r and R&t 8 R[xt] are isomorphic to the degenerate affine Hecke algebras 
and respectively (where 6r and 6t are symmetric groups contained in 
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generated by Sj’s and s/s, respectively), and further, the following relations are satisfied 
(cf. Definition 12.11) 

a) ei(xi + ici) = (xi + xi)ei = 0, sicisixi = xisicisi, sieisixi = xisieisi, 

b) SiXi = xiSi, SiXi = xiSi, xi(ei + xi) = (ei + xi)xi, 

c) eixfei = uJaBi, eix^ei = UaSi, Va G N. 

Throughout, unless otherwise stated, we will work over the ground field C. Let 0 be the 
general linear Lie algebra gl^. Let W be the linear dual of the natural g-module V. We 
consider the mixed tensor product := M (g) D®'" 0 for various positive integers r 
and t, where M is any highest weight g-module. Let D = ^i,j ^j,i^ where Cij € g is 

a matrix unit. Via D, there is a well-defined right action of on M^’*, commuting with 
the left action of g such that xi,xi,ei, st and Sj act as certain endomorphisms of in 
Definition 13.41 See also |23] for some special g-module M. In order to get an action of a 
cyclotomic walled Brauer algebra on in arbitrary level, we need to pick M as a highest 
weight g-module as follows. This is motivated by Brundan and Kleshchev’s work in [ 6 ]. 

Suppose that ((?i > (72 > ■ ■ ■ > is a partition of n. Let p be the parabolic subalgebra 
of g such that the corresponding Levi subalgebra 1 = gl^^ © fligj ® ‘ 

parabolic category O with respect to p. Then is a full subcategory of O such that M is 
semisimple as an U([)-module and locally u-finite, where u is the nilradical of p and U([) is 
the universal envelopping algebra of 1. For each c = (ci, C 2 , • • • ,Ck) G in Assumption 13.61 

consider p-dominant weight dc := Yli=i Ci(£pi-i+i + %-i +2 4-h £pi), where pi = Yl]=i 

1 < i < k and po = 0. As a left g-module, the corresponding parabolic Verma module M'^{5c) 
is irreducible, projective and injective. If Mp* = M^{5c) 0 D®'" 0 IT®*, then Mc’^ turns out 
to be a (U, .^fc^r^jj-bimodule where U is the universal enveloping algebra of g and ^k,r,t is 
the cyclotomic walled Brauer algebra whose parameters are determined by Definition 13.111 
and ()3.1ip . One of the main results of this paper is that there is an algebra epimorphism 

99 : ^ Endo(Mp*)°P. (1.1) 

If r -|- t < Qk, then (p is an algebra isomorphism. 

We remark that affine and cyclotomic walled Brauer algebras were defined in [1] via affine 
oriented Brauer category and cyclotomic oriented Brauer category. See also [23]. In [H §5.5] 
Brundan et. al show that affine and cyclotomic walled Brauer algebras in [3| are isomorphic to 
those considered in [21]. When (13.lip holds, the homomorphism p in (jl.ll) has been observed 
in in §4] and a proof of surjectivity is sketched in [H Remark 4.14]. 

If we allow t = 0, then ^k,r,t turns out to be the level k degenerate Hecke algebra J^k,r and 
the surjectivity in (HI) has been proved in [ 6 ]. Motivated by |19ll22j . we use weakly cellular 
bases of ^i^k,r,t to classify highest weight vectors of Mp* under the assumption r + t < Qk- 
Such a result is enough for us to establish an explicit relationship between multiplicities of 
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parabolic Verma modules in any indecomposable direct summand of Mc'^, (which is in fact 
an indecomposable tilting module in O^) and multiplicities of simple modules in any cell 
module of This determines decomposition matrices of ^k,r,t which arise from mixed 

Schur-Weyl duality (see Theorem [7T9] and Remark l6.12l) . Motivated by our works on Birman- 
Murakami-Wenzl algebras in [20], we conjecture that decomposition numbers of cyclotomic 
walled Brauer algebras over C can be determined by those in Theorem 7.19 together with 
some results on Morita equivalences. We hope to settle this problem in the future. 

We organize the paper as follows. In Section 2, we recall some of results on affine walled 
Brauer algebras and their cyclotomic quotients in [2T1|22|. In Section 3, we prove the surjec¬ 
tivity in (jl.ip under the assumption that r + t < qk- In order to deal with the general case, 
we need to state some of results on the duality between finite W algebras (resp., its asso¬ 
ciated graded algebras) and cyclotomic walled Brauer algebras (resp., its associated graded 
algebras) in sections 4-5. Such observations heavily depend on Brundan and Kleshchev’s 
influential work |6|. In section 6, following Brundan-Kleshchev’s idea in [6], we prove the 
surjectivity of ip in (|I.ip in general cases. Finally, we classify highest weight vectors of Mj’* 
under the assumption r + t<qk and hence to compute decomposition matrices of cyclotomic 
walled Brauer algebras arising from mixed Schur-Weyl duality. 


2. Affine and cyclotomic walled Brauer algebras 


Throughout this section, ii is a commutative ring containing 1, Wa and Ua for all a G N 
such that uJaS are determined by via Ell Corollary 4.3]. 


Definition 2.1. |2T] Fix r,t € The affine walled Brauer algebra is the associative 


R-algebra generated by ei, xi,iEi, Sj (1 < z < r 
relations 

(1) = 1, 1 < z < r, 

(2) SiSj = SjSi, \i-j\ > 1, 

(3) S 2 S 2 - 1 - 1 S 2 — , 1 ^ z r 1, 

(4) SjCi = eiSi, 2 < z < r, 

(5) eisiei = ei, 

(6) ef = woei, 

( 7 ) SiSj = SjSi, 

(8) ei(xi + xi) = (xi + xi)ei = 0, 

(9) eisixisi = sixisiei, 

(10) SiXi = xiSi, 2 < z < r, 

(11) sixi = xiSj, 1 < z < r, 

(12) eix^ei = WfeCi, \/k G 

(13) a:i(sixisi - si) = (sixisi - si)xi, 


1)) Sj (1 <j <t — l), subject to the following 

(14) = 1, 1 < z < t, 

(15) SiSj = SjSi, \i-j\ > 1, 

(16) , l^z^t 1, 

(17) Sjei = eiSi, 2 <i <t, 

(18) eisiei = ei, 

(19) eisisicisi = eisisieisi, 

(20) sicisisici = sicisisiei, 

(21) xi{ei -Fxi) = (ei + xi)xi, 

(22) eisi^isi = siXiSiei, 

(23) 'sixi = xiSi, 2 < i < t, 

(24) SiXi = xiSi, 1 < i < t, 

(25) eiXiei = oJk^i, V/c G Z-°, 

(26) xi(sixisi — si) = (sixisi — si)xi. 
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In [23], Sartori defined affine walled Brauer algebras over C. See also [Ij. For convenience, 
write 0 = 0 and n = {1,2, • • • ,n} for any positive integer n. The following result follows 
from Definition 12.11 immediately. 

Lemma 2.2. There is an R-linear anti-involution a on which fixes all generators 

xi,xi,ei, Si,Sj, i G r — 1 and j G t — 1 . 

The affine walled Brauer algebra contains two subalgebras generated by {xi,Si | i G 
r — 1 | and {xi,Sj \ j G t — 1 |, which are isomorphic to the degenerate affine Hecke algebras 
and respectively. Also, the subalgebra of generated by {ei,Si,Sj \ i G 

r — l , j G t — 1 ) is isomorphic to the walled Brauer algebra with respect to the 

parameter uq in [15tl25]. Later on, we will need another definition of via walled 

Brauer diagrams so as to describe the actions of its cyclotomic quotients on mixed 

tensor product of certain modules in parabolic category O for general linear Lie algebras. 

Recall that r and t are two positive integers. A walled (r, t)-Brauer diagram D is a diagram 
with (r+t) vertices on the top and bottom rows, and vertices on both rows are labeled from 
left to right by r, • • • , 2,1,1, 2, • • • ,t. Each vertex i G {1, 2, • • • , r} (resp., i G {1, 2, • • • , t}) on 
a row has to be connected to a unique vertex, say j (resp., j) on the same row or a unique 
vertex j (resp., j) on the other row. There are four types of pairs [i,j], [i,j], [*, j] and \i,j] 
such that the pairs [i,j] and [i,j] are called vertical edges, and the pairs [z,j] and [i,j] are 
called horizontal edges. If we imagine that there is a wall which separates the vertices 1,1 
on both top and bottom rows, then a walled (r, t)-Brauer diagram is a diagram with (r + 1) 
vertices on both rows such that each vertical edge can not cross the wall and each horizontal 
edge has to cross the wall. For convenience, we call a walled (r, t)-Brauer diagram a walled 
Brauer diagram if there is no confusion. 

Let Di o D 2 be the composition D\ o D 2 of two walled Brauer diagrams Di and D 2 . Then 
Di o D 2 can be obtained by putting Di above D 2 and connecting each vertex on the bottom 
row of Di to the corresponding vertex on the top row of D 2 ■ Removing all circles of Di o D 2 
yields a walled Brauer diagram, say D 3 . Let n{Di, D 2 ) be the number of circles appearing in 
Dio D 2 . Then the product D 1 D 2 of Di and D 2 is defined to be where ujq G R. 

The walled Brauer algebra with respect to the parameter ujq is the associative algebra 

over R spanned by all walled (r, t)-Brauer diagrams with product defined as above. 

Nikitin m proved that two previous definitions of walled Brauer algebras are isomorphic. 
The corresponding isomorphism sends ei (resp., Sj resp., sj ) to the walled Brauer diagram 
whose edges are of form [k,k] or [k,k] except two horizontal edges [ 1 , 1 ] on both top and 
bottom rows (resp., two vertical edges [i,i + 1 ] and \i + l,i] resp., [j,j + l] and [j + 1 , jj). 
The walled Brauer algebra defined via walled Brauer diagrams in [S] is isomorphic to the 
opposite of that defined as above. 
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Suppose Ui, Ui ^ R, i ^ k. Let I be the two-sided ideal of generated by /(xi) and g{xi), 
where /(xi) = “ '^i) ^(^i) = OiLil®! “ such that ei/(xi) = (-l)^eig'(xi). 

The cyclotomic (or level k) walled Brauer algebra ^k,r,t is the quotient algebra 
Rewrite /(xi) = 0 as x^ + CLk-iX^ = 0. If 

iOi = —{aiiOi-i + • • • -|- akcoe-k), for all i > k, (2-1) 

then ^^k,r,t is called admissible. Let = {0,1,-- - ,/c — 1}. If (a,/3) G x N\, write 
x" = x“^X 2 ^ • • • x"’’, and x^ = x^^x^^ • • • xf*, where Xj+i = SiXiSi — Si, i & r — 1 , and 
Xj_|_i = SjXjSj —Sj, j € t — 1 . We call x'^Dx^ a regular monomial of where D is a 

walled Brauer diagram. 

Theorem 2.3. [22l Theorem 2.12] Let ^k,r,t be defined over R. 

a) As an R-module, SSk^r,t is spanned by all regular monomials. 

b) ^k,r,t is free over R with rank k^~^^{r + t)\ if and only if ^k,r,t is admissible. In this 
case, all regular monomials of il^k,r,t consist of an R-basis of ^k,r,t- 

3. Cyclotomic walled Brauer algebras and parabolic category O 

Throughout, let g be the general linear Lie algebra gl„ over C. Then g = n"'' 0 f) © n“ 
such that the Cartan subalgebra \} consists of all diagonal nx n matrices, and n"'' (resp., n“) 
consists of all strictly upper (resp., lower) triangle nx n matrices. For any i,j G n, let eij 
be the usual matrix unit. Then {ei^i | i G n} consists of a basis of t). Let {e, G f)* | i G n} 
be the dual basis of | i G n} in the sense that eficj^j) = 5ij. Then any A G f)*, called a 
weight of g, can be written as 

A = Ai^i 0 A2£2 0 • • • + ^n^ni \ G C. 

In this paper, a g-module M is always a left g-module. A non-zero vector m G M is of weight 
A if ei^im = Ajm, for any i ^ n. If = 0, then m is called a highest weight vector of M 
with highest weight A. A highest weight module is a g-module generated by a highest weight 
vector. 

Throughout, V is the natural module of g with a basis {uj | i G n}. Let W = Homc(F, C) 
be its linear dual with a basis {v* | i G n} such that v*(vj) = Sij. Then 

^i,j'^k — ^j,k^ii c'-ud CijVf. — dik^j- (^A) 

So, R is a highest weight g-module with the highest weight ei and IT is a highest weight 
g-module with the highest weight —Sn. 

Definition 3.1. For two positive integers r and t and any highest weight g-module M, define 
M'’’* = M 0 T®''0 IT®*. 
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We order the positions of tensor factors of according to the total ordered set 
such that J = {0} U Ji U J 2 with Ji = {r,2,1} and J 2 = {1, 2, and 

(3.2) 

Definition 3.2. According to the total ordered set J, we define I{n,r + t) to be the set of 
all maps Ji UJ 2 ^ n. So, each i G /(n, r +1) is of form (v, v_i, • • • , zi, fj, %, • • • , %). Define 
= (ir, ir-1, ■■■ ,k) and i^ = {ij, %, • • • , ij). 

Lemma 3.3. For i € I{n,r + t), define Vi = v^l ^ where v-^l = Vi^ Vi^_^ ® Ujj and 
vTji = v*_ ( 8 ) u*_ <81 • • • ( 8 ) v*_. Then {u 0 Ui | u G 5, i G /(n, r + t)} is a basis of M^’^, where S is 
a basis of M. 

Let C be the quadratic Casimir element of the universal enveloping algebra U with respect 
to 0 . Then C = Eijen Let 

D = ^(A(C') — C®! — 10(7)= ^ ejj 0 (3.3) 

ijGn 

where A is the co-multiplication of U. For any a,b ^ J with a ^ b, define tt^—>■ 
U 8 )(^+*+i) by 

'^a,b{x 0y) = l0---0l0 X 010---010 y 010---0 1. (3.4) 

Since (7 is a central element of U, 'Ka,b{kt)\M^,t £ Endu(Af^’*). 

Definition 3.4. We define some elements of Endu(Af’’’*) as follows; 

Si = -Ki+i,i{9)\Mr,t {i G r - 1) , Sj = (j G t - 1) , 

Xl = “7ro,l(D)|jV,fr.t, Xl = —TTQ j{Q)\jlfr,t, Cl = —Y(D)|jyr.t. (3.5) 

We always assume that Endu(Af^’*) acts on the left of 

Proposition 3.5. Suppose that M is a highest weight module for g. There is an affine 
walled Brauer algebra with some special parameters uiq = n and uji,i G such that 
there is a well-defined right action of on which gives an algebra homomorphism 

ip : —>■ Endu(Af^’*)°^ sending ei,xi,xi, Si, andsj to the same symbols in Definition \3.4\ 

for all i G r — 1 and j G t — 1 . 

Proof. It follows from [3] that ei,Si,Sjk satisfy the relations for So, we need only 

verify (8)-(13) and (21)-(26) in Definition 12.11 One can verify them by arguments similar to 
those in [23]. □ 

Assumption 3.6. Fix positive integers qi,q 2 i--- iqk such that E^=i 9* = Following [ 6 ], 
we consider any d = {di,d 2 ,-“ ,dk) G such that di — dj G Z if and only if di = dj. 
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Let Ci = di + Pi — qi, for all i G k, where pi = Yl]=i Qji ^ ^ i ^ k. Define po = 0 and 

= Yli=i Ci(epi_i+i + £pi_i+2 H + Epi)- 

Let p be the parabolic subalgebra of p such that the corresponding Levi subalgebra 1 is 
0^gi ® 0^92 ® ■ ■ ■ © 0[|jj.' Let <h[ be the root system of 1 and denote the corresponding set of 
simple roots by A(. Recall that the category O is the category of hnitely generated p-modules 
which are locally finite over n"*" and semi-simple over f). Let U([) be the universal enveloping 
algebra of 1. Then is a full subcategory of O such that for each object M in M is both 
semisimple as a U(l)-module and locally u-hnite, where u is the nilradical of p. Let be the 
subset of f)* consisting of all A such that (A, a) € N for any a G A[. Each A € AP is called a 
p-dominant integral weight. For any A G [)*, let MP(A) be the usual parabolic Verma module 
with respect to a highest weight A. Then MP(A) is the maximal quotient of the ordinary 
Verma module M(A) which is locally p-hnite. So, MP(A) = 0 if A is not p-dominant. 

Obviously, 5c G AP, where be is given in the Assumption 13.61 Let Me := M^{6e)- It is well 
known that Me is irreducible, projective, injective in (see e.g. m)- In the remaining part 
of this paper, we always assume that 

= Me O ® IT®‘. (3.6) 

So, Mp* G OP. Recall that {vi \ i G n} is a basis of V and {v* | i G n} is its dual basis. Let 
Pi's be in Assumption 13.61 

Lemma 3.7. Let m he the highest weight vector of Me, whieh is unique up to non-zero 
multiple. If i G n with pi-i < i < Pi for some I G k, then 

a) m® ViXi = -cgm ® Vi - ® Vj, 

b) m® v*xi = Cim ® v* -\- Yjpt<j<n ® • 

Definition 3.8. Let Bq = p; x p/^, where p* = {pi-i + l,Pi-i + 2, • • • ,pi} for 

any i G k. Let ^ be the lexicographic order on Bq in the sense that (ii,ji) ® (* 2 V 2 ) if 
either h < Z 2 or h = Z 2 and ji < j 2 - If A (i 2 ,j 2 ) and (hji) 7 ^ ( 12 ^ 2 ), we write 

ih,ji) ® (* 2 ,J 2 )- 

If indi) £ -Sq, for all i G a, and a G and if a G N“, we write 

p«. — . 

Abusing of notation, we identify i (resp., j) with {ia,ia-i, ■ ■ ■ ,ii) (resp., (ja,ja-i, 

In this case, we say that both i and j are of lengthes a. If a = 0, we set e® = 1. 

Lemma 3.9. Let S be the set of all elements e^pn ®ViG Mf’^, where 

a) m is the highest weight vector of Me, and i G I{n,r + t), and a G N“, 
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b) k, 1 are sequence of integers in n with all possible lengthes a such that {ki, li) € Bq and 
{ki,li) -< (fej+i, ,li+i), for all possible i. 

Then S is a basis of . 

For each basis element e^jm (8) fi G 5" in Lemma [331 we say that it is of degree aj. In 
fact, eijCk^im = ek^iCijm up to some terms with lower degrees. We will use it frequently in 
the remaining part of this paper. 

Lemma 3.10. Let m be the highest weight vector of Me- Suppose h € k — 1 . 

a) If j G U^=iPo then m 0 Vjx’l = 0 up to some terms in Me 0 V with degrees < h — 1. 

b) If j G then m ® v*Xi = 0 up to some terms in Me 0 W with degrees 

< h- 1. 

c) If j ^ Pi, h + 1 < i < k, then 

h 

m 0 Vjx\ = (- 1 )^ ^ ^ ejh-u 3 h ■ ■ ■ ejuj 2 ej,hrn 0 Vj^ 

1=1 iiGpi; 

up to some terms in Me®V with degrees < h—1, where 1 < ih < ih-i < ■ ■ ■ < ii < i — l- 

d) If j (z Pi, 1 < i < k — h, then 

h 

m 0 v*x^ = ^ ^ihdh-i ■ ■ ■ ej 2 ,jien,jm 0 v*^, 

1=1 ji&Pip 

up to some terms of Me®W with degrees <h — l, where i + l < ii < i 2 < ■ ■ ■ < ih H 

Proof. We prove (a) and (c) by induction on h. One can check (b)-(d), similarly. The 
case h = 1 for both (a) and (c) follows from Lemma 13.71 In general, (a) follows from 
inductive assumption on h — I for both (a) and (c). If j G p* and h + 1 < i < k, then by 
inductive assumption on /i — 1, up to some terms with degree < h — 1, there are some integers 

ii,i 2 , - ■ ■ , ih-i such that 1 < ih-i <---<i 2 <ii<i — 1 and 

h-l 

Vj O rnx^ ' (^ji,j2ej,hrn 0 Vj^_^xi 

1=1 ji&Pii 
n h—1 

y y ^jh-l,jh^jh-2dh-l ' ' ' ® ^jh 

jh = ^ 1 = 1 jl&Pii 

up to some terms with degree < h — 1. Note that m is the highest weight vector of Me- If 
jh G pif^ and ih > ih-i, ^jh-i,jh^jh- 2 ,jh-i ''' ^ linear combinations of basis elements 

of Me with degrees < h — 1, proving (c). □ 

Definition 3.11. Recall that pfs and Cj’s are in Assumption 13.61 Define 

a) Ui = -Ci + pi-i, and Ui = Ci + n - pt, i e k, 

b) fix) = Yli=iix - Ui) and gix) = Ui=iix-Ui)- 



MIXED SCHUR WEYL DUALITY 


9 


Lemma 3.12. Let where 5c is in the Assumvtion \3.(A 

a) Me ® V has a parabolic Verma flag 

0 = Mq C Ml C M 2 C ■ ■ ■ C Mk = Mc0V (3.8) 

such that = M’^{5c + ep._j+i), where Mi is generated by {m (8* VpQ+i,m i8> 

• • • ,m® Moreover, n}=i(®i “ '^j) on Mi trivially. 

b) Me iX> W has a parabolic Verma flag 

0 = Nk+i C Nk C ■ ■ ■ C Ni = Me 0 W (3.9) 

such that Ni/Ni^i = M'^{5c—Spfl, where Ni is generated by - ■ ■ ,m® 

Vp.}. Moreover, — Uj) acts on Ni trivially. 

Proof. By [141 Theorem 3.6], both Mc®V and Mc®W have parabolic Verma flags as required. 
It is well known that C acts on MP(A) as the scalar (A, A + 2p), where 

p = -£2 - 263-(n - l)e„. (3.10) 

By p.3p . n acts on M'^{5c + £i) as the scalar (<5c, e^) — (i — 1). Similarly, it acts on M'^[5c — Si) 

as the scalar —{6c,Si) — {n — i). Therefore, n}=i(®i “ '^j) (resp., ~^j)) ^^ts on Mi 

(resp., Ni) trivially. □ 


Lemma 3.13. The generating function of parameters uia’s in Provosition \3.5\ satisftes 

k 


1 + E;^ = n 


u + n — Ui 

U + Ui 


(3.11) 

^ 'll. -H 'II.A 

a =0 2=1 

if we use Me to replace M in Proposition \3 . ,51 where Ui anduj are defined in Defi,nition \3.11[ 


Proof. Let E be the n x n matrix such that the (i,j)th entry is the matrix unit Cij. It is 
well known that the Gelfand invariant tr(iii“) is central in U for any a € N (see, e.g., [161 
Corollary 7.1.4]). On the other hand, for any g-module M, eircfei acts on M ®V 
as (—l)“triii“ (g) Cl, a G N. Let y ; Z{\J) —> €,[li,(.2,-" be the Harish-Chandra 

isomorphism, where ZiflJ) is the center of U and li = Ci^i — i + 1, z G n. It follows from [161 
Corollary 7.1.4] that 

^ (-l)Mfa^°) _ A n + ^, + 1 

(u — n + 1)“+^ 11 u + ii 

a=0 2=1 

If M = Me, then oJa = (—l)“x(tr(£'“)) (dc) (see Assumption l3.6j) . Using u instead of n — n + 1 
yields (13.lip . □ 


Lemma 3.14. Let f{xi) and g{xi) be defined in DeRnition \3.11\ 

a) The set {ei, eiTi, • • • , eixi^~^} is C-linear independent if we consider it as a subset of 
Endu(Me"’'). 

b) eif{xi) = {-l)’^eig{xi) in 3^^^. 
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Proof. The first result follows from Lemma [3.101 immediately. It is proved in [211 lemma 4.3] 
that eif{xi) = {—1)^eiQifxi) for some monic polynomial gi{x) with degree k. So, 
(—l)^ei 5 i(xi) acts on Me’* trivially. By Lemma 13.121 {—l)^eigi{xi) = (—l)^ei^(xi) = 0 
in Endu(Mc’*). Using (a) yields gixi) = 51 (xi), proving (b). □ 

Unless otherwise stated, we always assume that is the affine walled Brauer algebra 
over C such that the parameters Wa’s are determined via (13.111) . Let J = {f{xi),gifxi)) be 
the two sided ideal of generated by f{xi) and gfxi), where f{x) and g{x) are given in 
Definition 13.Ill By Corollary 13.14l b) . we can define the level k (or cyclotomic) walled Brauer 
algebra 

(3.12) 

Proposition 3.15. The algebra homomorphism (p in Proposition 1,9.,51 factors through 
in (I3.12P if we use Me to replace M in Proposition lg.5l Moreover, ^k,r,t is admissible. 

Proof. The first assertion follows from Proposition 13.51 and Lemmas l3.12tl3T3l Since ei acts 
on Me’* non-trivially, ei 7 ^ 0. So the second assertion follows from the fact that eixff{xi)ei = 
0 for all a G N. □ 

Recall that a regular monomial of t^k,r,t is of form where D is a walled Brauer 

diagram and (a,/3) G x N^. We consider ^k,r,t as a filtrated algebra defined as follows. 
Set 

degSj = degSj = degei = 0 and degxi = degxi = 1, (3.13) 

i G r — 1 and j G f — 1 . So, the degree of x°‘Dx^ is |a| + |/3|, where |q;| = and 

|/3| = Yl\=i Pi- We have the following filtration 

SSk,r,t D ■ ■ ■ D {3Sk,r,t)^^'i D {SSk,r,t)^^^ D k,r= 0. (3.14) 

where {^k,r,t)^'‘^ consists of all elements of t^k,r,t with degree < i. Let 

gr{^k,r,t) = (3.15) 

i£Z 

where {^k,r,t)^'‘^ = {^k,r,t)^'‘'‘/{^k,r,t)^"~^P Then gr(.^fc^r^t) is a Z-graded algebra associated to 
^k,r,t- We use the same symbols to denote elements in gv{S§k,r,t)- 

Remark 3.16. Define x'^ = xi and x[ = Si-ix[_iSi-i for 1 < i < r. Similarly, define x[ for 
1 <i <t. Since x' (resp., x( ) acts on Me’* as —7ro,i(D) (resp., —ttq j(D)), and Xj = x[ (resp., 
Xi = x'j) in gi{t^k,r,t), up to a linear combination of some basis elements of Me’* with lower 
degrees, we have formulae for m (8> ViXi (resp., m 0 ViXi) similar to those in Lemma 13.101 
where i G I(n, r + t). 

Theorem 3.17. Ifr + t < min{gi,g 2 ) • • • jQk}; then the algebra homomorphism p : ^k,r,t 
Endo{Mf’^)°P in Provosition \3.1^ is an algebra isomorphism. 
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Proof. We claim that the images of all regular monomials of ^k,r,t ^.re linear independent 
in Endc)(Mc’*)°^. If so, by Theorem I2.3r al. ip is injective. On the other hand, by adjoint 
associativity, there is a C-linear isomorphism 

Endo(Mp*) ^ Endo(Mc ® (3.16) 

If r + f < min{(7i, ^ 2 , • • • j <lk}^ then dimEndo(Mc ® = A;'’+*(r + t)\ [6]. By Propo¬ 
sition [3T5l ^k,r,t is admissible and hence the dimension of ^k,r,t is + t)! (see Theo- 

rem El, forcing ip to be an isomorphism. 

It remains to prove our claim. Recall that a regular monomial of ^^k,r,t is of form x’^Dx^ 
where D is a walled Brauer diagram and (a,/3) € x N^. Eor each x°^Dx^, we assume 
that x°^Dx^ acts on the left of Me’*. In other words, when we consider the right action of 
^k,r,t, x°‘Dx^ should be replaced by a{x^Dx^), where a is the i?-linear anti-involution in 
Lemma 12.21 Such elements consist of an C-basis of S^k,r,t- 

Motivated by Brundan-Stroppel’s work in and Lemma [3.101 and Remark 13.161 we dehne 
a labeled walled Brauer diagram for any x°^Dx^ as follows. In this case, we identify an edge 
of D as an arrow and call the starting point as a source and the endpoint as a head. 

a) The vertices {r, r — 1, • • • ,1} (resp., {1, 2, • • • ,t}) on the bottom (resp., top) row of D 
are called sources of corresponding arrows of D. The other vertices of D will be called 
heads of corresponding arrows of D. 

b) Eor any i r, there are a* beads at the Tth vertex on the top row of D. 

c) Eor any i G f, there are /3j beads at the i-th vertex on the bottom row of D. 

d) Eor the i-th vertex on the bottom row of D, we label it as pk-i + {r — i + 1), where 

Pk-i is given in Assumption 13.61 

e) Eor the Tth vertex on the top row of D, we label it as Pk-i + r + i. 

/) If there is no bead at the head of an arrow of D, then we label the head the same 

labeling of the corresponding source. 

g) If there are h beads at the head of an arrow, and if the labeling of the source is p, 
we label the head with positive integer p — Qk-i where qfs are given in Assump¬ 
tion EH 

Since r-|-t < min{qi, ^2; •'' ^Qk}, the above setting is well-defined. Moreover, for each 
x°^Dx^, we obtain two sequences of positive integers {a,D,f3)^ and {a,D,/3y, which are 
obtained by reading labeling according to the vertices r, r — 1, • • • , 1,1, 2, • • • , t on the bottom 
(resp., top) row of the labeled walled Brauer diagram. The key point is that we always fix the 
labeling of the sources of D as above and hence both (a, D, /3)^ and (a, D, fdY are uniquely 
determined by the triple {a,D,l3) (see Example 13.181) . 

Recall that pfs are positive integers in Assumption 13.61 Eor i € {r, r — 1, • • • ,1} (resp., 
i G {I, 2, • • • , t} ), if there is no bead on the edge which contains i (resp. i), define Tj = 1 
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(resp. = 1); otherwise, there are h beads on the edge which contains i (resp., i) at the 
bottom (resp., top) row, define 

( 1 ) 3^. = ^Pk-l+i,Pk-2+i^Pk-2+i,Pk-3+i ■ ■ ■ ^Pk-h+i,Pk-h-l+i^ 

( 2 ) 3^1 — ^pk-i+r+i,Pk-2+r+i^Pk-2+r+i,Pk-3+r+i ' ' ' ^Pk-h+r+i,Pk-h-l+r+ij 

(3) 3^ = 3^i3^2---3^r3^T3^2---3^t- 

Now, we assume that Yla D p o.a,D,p(^{x°^Dx^) = 0, where D ranges over all walled Brauer 
diagrams and (a,/3) € x N^. If there is an / 0 for some (a,/3) € x N^, 

we consider x'^Dx^ among such regular monomials such that Yli li + maximal. If 

Hi li + Hj we write 

a) b = {-f,D,5f = {br,br-i,--- , 6i; fip, • • ,k) ^ I{n,r + t), 

b) w = {j,D, 6Y = {wr,Wr-i, ’ • • , lui; tcj, tcj, • • • ,Wt) ^ I{n,r + t). 

By Lemma 13.101 and Remark 13.161 the coefficient of ym ® in {m ® 
/3 Oo,D,/3'7(x“L)iE^) is a^^D,& up to a sign, forcing a^^D,5 = 0, a contradiction. The 
key point is that there is a basis element ym of Me such that the coefficient of the basis 
element ym ^ in (m (8> Ub) Ha D p Ua,D,/ 3 u(x“I?x^) is a^^D,s up to a sign, where ym is of 
the highest degree bj and T is determined uniquely by both b and w. Finally, we 

consider regular monomials with degree 0. In this case, we consider all walled Brauer 

diagrams as elements in Endc)(R®'’ 0 IF*). When r + t < n, it is well known that P^r,t{n) 
acts faithfully on F^’*. So, aa,D,p = 0 for all regular monomials x'^Dx^ with degree 0. □ 

Example 3.18. We give an example to illustrate that {a,D,/3)^ and {a,D,l3y are uniquely 
determined by € ^k,r,t and the labeling of the sources of D. We assume k = 2 and 

r = t = 3. Fix qi and q 2 such that qi + q 2 = n. If a = (1,0,1) and /3 = (0,1,1), and 
D = eiSiS 2 , then (a, D, (5)^ = {qi + 1, gi + 2, qi + 3; + 2, 6 , 5) and (a, D, ,5)* = (1, qi + 

3,4; qi + 4, + 5, qi + 6 ). In this case, y = 651 + 1 , 16 ^^+ 4 , 465 ^+ 5 , 56 , 1 + 6 , 6 - 



4. Graded cyclotomic walled Brauer algebras 

In this section, we assume that q = {qi, q2, ■ ■ ■ j 9 fc) is a partition of re. Consider the tableau 
t with respect to q such that there are qi boxes in the ith column and moreover, the numbers 
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1, 2, • • • ,n are inserted into the boxes along the columns from left to right. For example, 


t = 


1 



2 

5 


CO 

6 

00 

4 

7 

9 


if ( 91 , 92 , 93 ) 


(4,3,2). 


(4.1) 


For any i € n, following [^, let row(i) = i (resp., col(z) = m) if the box containing i is in £th 
row and mth column of the t (see e.g. ()4.ip ). Dehne the nilpotent matrix 


where 




(4.2) 


K = I 1 < < n,row(z) = row(j), col(i) = col(j) — 1}. (4.3) 

It is known that there is a Z-grading g = 0jg2 Oi on g by declaring that e*j is of degree 
col(j)-col(i). The parabolic subalgebra p is I00j>o0*’ where I, which is the corresponding 
Levi subalgebra, is go- Let m = ©i<o0i and dehne to be the centralizer of e in g. Then 
the universal enveloping algebra U(ge) is a graded subalgebra of U(p). In this section, we 
assume that is an affine walled Brauer algebra with arbitrary parameters Wa’s such that 
cjQ = n and moreover, ^k,r,t is admissible. However, when we use graded cyclotomic walled 
Brauer algebras gT{i^k,r,t) next section, we will show that the parameters for ^k,r,t come 
from Lemma 13.121 and (j3.1ip . By Proposition 13.15l is admissible. 


Lemma 4.1. As a Z-graded algebra, gr{3§k,r,t) is generated by ei,xi,xi, Si,Sj, 1 < i < r — 1 
and 1 < j < t — 1 such that all relations in Definition \2.1\ hold except (12)-(13), (25)-(26) 
and (21) which are replaced by the following relations: 

a) sixisixi = xisixisi, d) x\ = x\ = t), 

b) sixisixi = xisixisi, e) eixj'ei = eixj'ci = 0 , for h > 1. 

c) XlXl = XlXl, 


For any positive integers r and t, dehne 

yr,t ^ y®r ^ ^ 

where V is the natural module for g and W is the linear dual of V. We order the positions 
of tensor factors of according to the total ordered set (Ji U J2, ©) where © is given in 

(1321). So, 

rXr—1^...-<1^1^...^L 

It is easy to see that has a basis which consists of all elements Vi, i € /(n,r + 1). Make 
V and W into a graded U(ge)-module by declaring that deg vi = —deg v* = k — col(i), it 
leads to gradings on and End(IL'’’*). Recall that 7ra,b in (|3.4p and H in ()3.3p . An graded 
algebra homomorphism between two graded algebras is a graded homomorphism with degree 


zero. 
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Proposition 4.2. Let e G q be given in (14.2p . There is a graded algebra homomorphism 
ip : Endu(g,)(P'’’0°^ such that 

(1) p{ei) = - 7 r^Y(ri), (4) p{xi) = ®e® 

(2) p{sj) = l<j<t-l, (5) p{xi) = -1®’’ ®e® 

(3) p{si) = 7ri+i^i{Ll), 1 < i < r - 1, 

Proof. It follows from the conditions (l)-(3) and Proposition 13.51 that <^(ei), (^(si)’s and 
(/?(sj)’s satisfy relations for the walled Brauer algebra PSr,t{n), a subalgebra of PSk,r,t- More¬ 
over, since e is the nilpotent matrix in ()4.2p and = 0, p{x\) = p{x\) = 0. The conditions in 
Lemma l4.1f al-fclfel immediately follow from the definitions. One can verify other relations 
by straightforward computation. We show that 

p{ei){p{xi) + <y 9 (xi)) = {p{xi) + p{xi))p{ei) = 0 (4.5) 

as an example and leave the others to the reader. We have (uj 0 u*)ei = 0 ii i ^ j. Otherwise, 

n 

{vi ® u*)(ei(xi -I-Xi)) = '^Vj ® v*{xi -I-Xi) 

i=i 

= - ^ Vi®V* - ^ Vi® {-V*) 

hdleR iij)eK 

= 0 . 

If (i;i( 8 )u*)(xi-|-xi)ei ^ 0, then {j,i) G K. So, (uj( 8 )x*)(xi-|-xi)ei = —{vj®v* — vi®v*)ei = 0, 
and (14.5p follows. □ 

For the simplification of notation, we denote by End(M) the set of all linear endomorphisms 
for any C-space M. Since W’* is a graded (U( 0 e), gi'('^fc,r,i))-bimodule, it leads to the graded 
algebra homomorphism 

iA:U( 0 e)^Endg,(^,_^^,)(F’'’*). (4.6) 

Define the flip map 

flip: End(F®^) ® End(F®*) ^ End(E®'') ® End(VF®*) (4.7) 

such that Rip{f®g) = f®g*, for any / G End(E®’’) and g G End(E®*), where g* G End(IF®*) 

such that 

g*{v*){w) = v*{g{w)),yw G E®*. (4.8) 

In this paper, we identify I{n,r) with I{n,r + 0). Similarly, we identify I{n,t) with 
l{n,0 + t). Eor each i G I{n,r) (resp., j G I{n,t)) , following Lemma (3.31 define Vi = 


Vi... ® u,- 


‘■■■®Vi^ (resp., Vj = v*._ ® v* 


32 


If there is no confusion, we also write 

Jt ^ 




Definition 4.3. a) Eor i,j G I{n,r), define Cij G End(E®’’) such that eij(uk) = (5j^kD 
for any k G I{n,r). 
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b) For i,j G define /ij G End(fF‘^*) such that /i,j(u^) = 

Lemma 4.4. [9l Lemma 7.6] Let cj) he the linear map defined by the following commutative 
diagram 

EndCF®’’+*) ^ End(F'’’*) 

4,5 fc (4.9) 

End(E®0 (g) End(E®*) ^ End(E®’’) 0 End(fF®*) 
where h,c are canonical linear isomorphisms. Then <f is a Q(,-module isomorphism. 

In fact, m Lemma 7.6] is for general linear Lie superalgebra 0[m|n and further, is a 
gl^l^-module isomorphism. We need its special case n = 0. We also call the flip map and 
will denote it by flip, too. Recall that e is the nilpotent matrix defined in (14.211 . The following 
result can be verified easily. Note that ( 51 ( 72 )* = 929* any 51,52 G End(E®*) (see (14.81) 1. 

Lemma 4.5. Let K be given in (031). For any i,j G L{n,t), and fi G N*, define 

a) CijC^ = ® 612 , 126 ^^ (g) • • • (g) 

b) ® ® ® 

Then e* = E{i,j)eK fjd {e-.-jed)* = (e*)^/j,i. 

In this paper, we always denote by Gr+t the symmetric group on r + t letters 
{r, • • • , 2,1,1, 2, • • • ,t}. We can identify each permutation w G &r+t with its permutation 
diagram such that the vertices at the both rows are indexed by r, r — 1, • • • , 1,1, 2, • • • ,t from 
left to right. There is a linear isomorphism 

flip : C6r.+t (4.10) 

sending a permutation diagram to the corresponding walled Brauer diagram obtained by 
adding an imaginary wall between the 1th and 1th vertices, and flipping the part of the 
diagram which is at the right hand of the wall. Let .^k,r+t be a level k degenerate Hecke 
algebra. The current definition of a level k degenerate Hecke algebra is different from the 
usual one. Our Xr, Xr-i, ■ ■ ■ , xi, xi, X 2 , ■ ■ ■ , xi’s are the same as —xi, —X 2 , • • • ,—Xr+i in usual 
sense. Moreover, Sr-i is the usual Si, i G r — 1 and Sj is the usual Sr+j, j G t — 1 . The special 
one which switches 1,1 is the usual s^. We keep this setting so as to be compatible with 
^k,r,t- The associated graded algebra gicJifk,r+t has a basis 

{x“x'^ui I (q;,/ 3) G X N^,u' G ©r+t}- (4-11) 

It follows from 0.in|) and Theorem 12.31 that gr{SSk,r,t) has a basis 

{x“flip(t(;)x^ I (a,/3) G x G ©r+t}, (4-12) 

where flip is given in (14.101) . This leads to a linear isomorphism 


flip : grMk,r+t 


( 4 . 13 ) 
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sending x°‘xl^w to 

Motivated by [9], for any w G &r+t and any i, j G I{n,r + t), there is a labeled diagram Wij 
obtained by labeling the vertices at the bottom (resp., top) row of w according to the sequence 
ir, ir- 1 , ■■■ , %, • • • ,it (resp., jr,jr-i, ■ ■ ■ ,ji,jT,j2i ■■■ :jt) from left to right. Similarly, 

for any walled Brauer diagram D and any i,j G /(n,r + t), there is a labeled diagram, say, 
Di j, obtained by labeling the vertices at the bottom (resp., top) row of D according to the 
sequence (resp., - Jt)- Following [9], we 

call a labeled diagram a consistently labeled diagram if the vertices at the ends of each edge 
are labeled with the same number. For x G define 

1, if X is consistently; 

0, otherwise. 


wt(x) = 


(4.14) 


The following result is the special case of P Lemma 7.3-7.4] for gl. 


n|0- 


Lemma 4.6. Suppose i G /(n,r + t). 

a) Each w G &r+t acts on the right o /via jjr fee all 

i,j G I{n,r + t), where e;i ,jl and Cjajh are defined in Definition \4.3[ 

b) Each walled Brauer diagram D acts on the right ofV^’^ as j wt(i4ij)eiL jl 

for all i, j G /(n, r + t). 

Lemma 4.7. There is a graded algebra homomorphism cj) : gTJifk,r+t Endu(g.)(4"®(^+*))'’^ 
such that 


- 1 . 


a) (/>(xi) = —I®'" ^8e(8l®*, 

d) (j){si) = 

b) (P{xi) = -1®^ 8 e (8 1®*“X 

e) (f{sj) = 

c) (t>{sr) = vr^j(f^), 

Moreover, we have the commutative diagram as follows, 


- gV^k,r,t 

4,0 

w 

End('F®F+d) 

^ End(E’'’* 

where flip (resp., flip) is given in ^.9) (resp., 

{4.1S\)) and (p 


(4.15) 


Proof. For any w G &r+t, it follows from [9l Lemma 7.7] that 

mp{(f){w)) = ^ wt(u;ij)eiL jL (8) f^R -.R = V9(flip(u;)) 

where w acts on as in Lemma l4.6f ai. So, 

flip o (f){xf^X 2 ^ ■ ■ ■ x^'"x^^X 2 ^ ■ ■ ■ x^^w) = flip( wt(u;ij)eiL jLe“ 


(4.16) 


3;R jae*^) 


= ^ wt(u;ij)eiLjLe" <8 (ejRjne^)* = ^ wt(u;ij)eiL jLe" <8 (e*)^/jR 

=cp{xf^X2^ ■ ■ ■ x"’'flip(tc)x^^X2^ • • • xf‘) = ifo flip(x“^X2^ • • • x"’'x^^X2^ ■ ■ ■ xf^tc) 
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where the third (resp., forth) equality follows from Lemma [4.5l fresp.. (I4.16p l. This completes 
the proof. □ 

Theorem 4.8. Let ip be the graded algebra homomorphism in Proposition 14-^ Then ip is 
surjective, and it is injective if r + t < q^- 

Proof. By Lemma [4.4l the flip map in (|4.15l) is 0 e-liomomorphism. So, there is a C-linear iso¬ 
morphism = Endu(gg)(14^’*) and hence the results follow from Lemma 14.71 

and [U Theorem 2.4] which says that (f in (I4.15h is an epimorphism and moreover, (f is 
injective if r -|- t □ 

5. Finite VE-algebras and cyclotomic walled Brauer algebras 

Throughout this section, we go on assuming that q = {qi,q2,- " j Qk) is a partition of n and 
d = {di, d 2 , - ■ ■ , dfc) G in Assumption 13.61 So, di — dj G Z if and only if di = dj. Recall 
that p is the parabolic subalgebra of g whose Levi subalgebra is gl^^ ® gl^j © ■ ■ ■ © It 
follows from [ 6 ] that there are two algebra automorphisms of U(p), say % and p such that, 
for each etj € p, 

f = CiJ + dijd^ol{i)^ 

^ ^i,j © Q'colD Q'colD+1 ' ' ' Qkf 

Recall that m C g such that g = p © m. Let y : U(m) —)■ C be the homomorphism sending x 
to (x, e) for all x € m, where (a, b) = tr(a 6 ) for a,b € q, and tr( ) is the usual trace function 
defined on g. Following [ 6 ], define to be the kernel of the homomorphism x- Then the 
finite W-algebra 

U(g,e) = {rt G U(p) | [x,r]{u)] G U(g)/^ for all x G m}. (5.2) 

It is a subalgebra of U(p). The grading on U(p) induces a hltration on U(g,e) as follows: 

OCU(g,e)(o) CU(g,e)(i) C ... 

with U(g,e)i*i = U(g,e) n ©j=oU(p)^'^^ U(p)i© consists of all elements of U(p) with 
degree j. Let gr(U(g,e)) be the associated graded algebra. By [ 6 l Lemma 3.1], there is a 
graded algebra isomorphism 

gr(U(g,e))-U(ge). (5.3) 

The in (14.4h can be considered as a left U(p)-module and the action of U(p) is defined 
as 

u ■ V = rid{u)v,\/u G U(p), and v G (5.4) 

where pd is defined in (|5.1|) . In order to emphasis the rjd, the left U(p)-module is denoted 
as Since is a graded vector space, Rj’* can be considered as a graded U(p)-module. 
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Via restriction, it can be considered as a left graded U(ge)-niodule. The corresponding 
representation is 

V'd = V’ o % (5.5) 

where ^|J is defined in (14.61) . We remark that all results in this section can be found in [ 6 ] 
when t = 0. In general, the proofs still depend on Brundan-Kleshchev’s idea in [^. 

Let Crf = Clrf be the 1-dimensional p-module such that each Cij G p acts on 1^ via the 
scalar 5ijdcoi(i)- Since can be considered as a U( 0 e)-iiiodule with respect to ip, it leads 

to the left U(ge) structure on 0 The following result can be verified easily. 

Lemma 5.1. As \J{Qe)-"modules, Cd0 = Vj’*, and the corresponding isomorphism sends 
Irf 0 u to V, for each v € V'"’*. 

Via restriction, both and Vj’* are U(g, e)-modules. Let 

Td:U(g,e)^End(V;’*) (5.6) 

be the corresponding algebra homomorphism. Via ()5.3p . the associated graded homomor¬ 
phism 

grTrf : gr(U(g, e)) ^ End(Vj’’*) (5.7) 

coincides with ipii in (15. 5 p (see [ 6 l Lemma 3.1] for the explicit description on the isomorphism 
in ()5.3p i. Let C be the category of all g-modules on which x — x{x) acts locally nilpotently 
for all X G m. Following [6], let 

= U/U4. (5.8) 

Then Qy. is a (U,U(g,e))-bimodule. By Skryabin’s thoerem in [23], the functor 

< 3 x®U{ 0 ,e)? : U(g, e)-mod ^ C (5.9) 

is an equivalence of categories. It follows from (5] §8.1] that the inverse of Qx®U(g,e)"^ is 
Wh(?) : C U(g,e)-mod such that, for each object M € C, 

Wh(M) = {v € M \ XV = x{x)v for all x G m}, 

and the action of U(g,e) on Wh(M) is defined by 

u-v = r]{u)v, for u G U(g, e), u G Wh(M). (5.10) 

Suppose that X is a finite dimensional U-module. It is well known that M 0 X C for 
any M ^ C and the functor ? 0 X : C —> C is exact. The endomorphisms xi,Si,i G r — 1 in 
Definitions I5.21[5j3] have been defined in [ 6 ]. 

Definition 5.2. Define the endomorphisms Si, Sj, ei, xi and xi of functors ?0 V'’’* such that 
for any U-module M, Si{M),Sj{M), ei(M), xi(M), xi(M) are exactly the same as Si,Sj, ei, xi 
and xi in Definition 13.41 
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Recall that X is a finite dimensional U-module. By [5l §8.2], there is an exact functor 

? ® X : U(g, e)-mod — U( 0 , e)-mod, M i-A Wh((Qx ®u(g,e)-^) ®(5-11) 

Given two finite dimensional g-modules X,Y and a U(g, e)-module M, there is a natural 
associativity isomorphism (see [H ( 8 . 8 )]): 

0‘M,x,Y '■ {M ® X) ® Y = M ® {X ® Y). (5-12) 

Definition 5.3. There are endomorphisms of functors ? ® V®'^ ® W®^, say Si and Sj, ei, xi 
and xi such that for any U(g,e)-module M, Si{M),Sj{M),ei{M),xi{M),xi{M) are defined 
through the Skryabin’s equivalence and (j5.1ip - (l5.12ll and Dehnition 15.21 

Lemma 5.4. [6] Suppose M is a \J{p)-module M and X is a finite dimensional JJ-module. 
As U(g, e)-modu/es, M ®X = M ®X and the corresponding isomorphism fiM,x sends 
{r]{u)l^®m)®x to um®x for all u & \J{p),m & M and x € X, where 1^ = 1+U/^ G U/UI^. 

Using Lemma 15.41 and (15.121) repeatedly yields the following results. 

Corollary 5.5. U(g, e)-modules, Q ® U®’' ® W®^ = Q ® ® U’’’* = 

The corresponding isomorphism ® U®’’ ® IT®* = Tj’* will be denoted by pr,t- We 
are going to determine the action of on ® T®'" ® IT®*. Via we lift the ac¬ 
tion of on Cd ® V®^ ® IT®* to Tj’* through ® T^’*. The actions of generators 
xi,xi,Si, Sj,ei, i G r - 1 , j G f - 1 of on ® T^’* C {Q^ Gu( 0 ,e) C^) 0 T^’* are 
defined as — 7 ro,i(n), —vtqY( n), 7 ri+i^i(n), ttj j:j:Y(U) and — 7 r^Y(n), respectively (cf. Defini¬ 
tion [3]1]). Note that the positions of tensor factors of {Q^ 0 u( 0 ,e) ^d) 0 are ordered 
as 0, r, r — 1, • • • , 1 , 1 , 2 , • • • ,t and the tensor factor at the 0 -position is 0 u( 0 ,e) So the 
actions of ei,Si and sj are the same as those in Definition 13.41 However, the actions of xi 
and xi are different. They will be described in Lemma 15.81 The following result follows from 
Theorem 8.1 and Corollary 8.2 in [7]. See [ 6 l Lemma 3.2] for t = 0. Recall that and in 
Definition 13.21 for any i G I{n,r + t). 

Lemma 5.6. For all i,j G I{n,r +1), there exist elements Xij G U(p) such that 

a) [eij,r/(xij)] X^k??(xk,j) - Z]h*?(®hj) G for each aj G m, where k G I{n,r + t) 

such that each k*^ is obtained by using j instead of an i in , and h G 

I{n,r + t) such that h*" = , and each is obtained by using i instead of a j in 

b) Xij acts on Cd as (5ij, 

~ X]ie/(n,r+t)(*?(^i.j)^x ® 0 G Crf ® T^’*. 

Definition 5.7. Suppose i G I{n,r + t). 
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a) If there is a A: G n such that row(fe) = row(ii) and col(A:) = col(ii) — 1, then k is 
unique. In this case, define if = (v, • • • ,i 2 , k). If there is no such a k, define if = 0 

and ViL = 0. 

*1 

b) If there is a /c G n such that row(/c) = row(iY) and col(A:) = co^ij) + 1, then k is 

unique. In this case, define if = ■ ■ ■ ,%). If there is no such a k, define if = 0 

and vTji = 0. 

if 

Assume i G I{n,r + t). Recall that 6r (resp., 6t) acts on i^ (resp., i^ ) via place 
permutations. If we assume t = 0, then the following result has been given in [6l Lemma 3.3]. 

Lemma 5.8. Suppose i € I{n,r + t). 

a) ViXi = + + where her with 

col{ih) < col(ii) and k G I{n,r + t) such that, if there is an ii, which appears in i'^, 
then is obtained by using j instead of an ii in i^ such that j £ n and col(ii) > col(j) 
and moreover, k^ = {ir,-“ 

b) ViXi = v^L (8) u.fl + (dcoi(i-) + n- qi)vi + ® ~ '^k, where het with 

col{i-ff) > col(ij) and k G I{n,r + t) such that, if there is an ij, which appears in 

, then k^ is obtained by using some j instead of an ij in i^ such that j £ n and 
col(iY) < col(j), and moreover, k^ = 0',%;%)''' >%)• 

Proof. For the simplihcation of notation, write /r = yr,t. By Lemma l5.6l cL 

ViXi = -/i(7ro,i(n) ^ (r7(xj,i)lx ® W ® = “ X] ® 1^) ® ^k) 

jG/(n,r+t) j,k 

where j,k G I{n,r + t) with = k^, and ji = ki, 2 < i < r. Recall that we always write 
i = {ir,ir-i, • • • ) R Atj %) ■ ■ ■ ) h) foi' any i G I(n, r + f). If col(ji) < col(A:i), then G p. 
By Lemmas 15.41 l5.6l bL and (|5.1h . ® ^k) = 0 unless i = j = k. In the 

later case, 

® 1^) ® ^i) = (t^coifi) + 9coi(ii) H-^ - diW (5.13) 

If col(ji) > col(A:i). By Lemma [5^ aL 

eii,fci??(a;j,i)lx = + (5-14) 

h s 

where each h is obtained from j by using fci instead of some j\ in j^, and each s is obtained 
from j by using ji instead of some fci in j^. Note that = 0 unless ki is equal to 

the entry in the 1th position of jf. In the later case, = 1- So, (a) follows from 

(|5.13p - (|5.I4h and Lemma l5.6l b). immediately. Finally, (b) can be verified similarly. □ 

Proposition 5.9. There is an algebra homomorphism <I> : —?> Endu(g,e)(lff’*)°*’ 

for some affine walled Brauer algebra sending generators ei,xi,xi, Si, and Sj to 

ei(Crf), xi(Crf), xi(Crf), Si(Crf), and Sj(Cd) in Definition \5.3\ for all i £ r — 1 and j £ t — 1 . 
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Proof. It follows from Skryabin equivalence and Proposition 13.51 that all relations in Defini¬ 
tion O hold except 

a) ei{xi = (xi -|-xi)ei = 0 , 

b) eixfei = Uaei, eixfei = uJaei, for any o € N, where iOa,iJa are some scalars in C. 
Since <Xiu( 0 ,e) is cyclic module, (a) follows from Skryabin equivalence and arguments 

similar to those for ei(xi -|-xi) = (xi -|-xi)ei = 0 in the proof of Proposition 13.51 Finally, (b) 
follows from the formulae on both ViXi and ViXi in Lemma ESI together with the fact that ei 
acts on via — 7 rj^Y(D). □ 

The following result can be proved by arguments similar to those in the proof of [ 6 l 
Lemma 3.4]. The only difference is that we need to use Lemma 15 . 81 instead of (UJ Lemma 3.3]. 

Lemma 5.10. The minimal polynomial of the endomorphism of defined by xi (resp., 
xi) is f{x) (resp., g{x)) in Definition \3.11\ 

Theorem 5.11. Let ^k,r,t = where J is the two-sided ideal generated by f{xi) and 

g{xi). Then 3§k,r,t is admissible. The algebra homomorphism <1> in Proposition 1 5. .91 factors 
through S3k,r,t- The corresponding algebra homomorphism, which will be denoted by <I> again, 
is always surjective. It is injective if r + t < qk. 

Proof. By Lemma 15.81 and the description of the action of ei, it is easy to see that 
{ei, eixi, • • • , eix\~^} is C-linear independent. So, the first assertion follows from arguments 
similar to those in the proof of Lemma [3.141 Recall that two graded algebra homomorphisms 
V’d in (15.5h and tp in (I4.15p . By Proposition 14.21 gr(4>)(x) = p{x) if x € {ei,Sj,Sj}. Using 
Lemma ESI yields gr(<h)(x) = p{x) for x € {xi,xi}. So, gr(4>) = p. On the other hand, it 
follows from [ 6 l Lemma 3.1] that ■0^ = gr('k^), where is given in (15.6p . Now, the result 
follows from P] Lemma 3.6] and Theorem 14.81 □ 

6. Epimorphisms in m 

Throughout this section, we go on assume that ((?i > > • • • > Qfc) is a partition of n. 

We also keep Assumption 13.61 Following P Section 4], let 

Ad = {/^Ui H-h Pn^n e \ Pi - dj € Z, for any i € pj,j G k}, (6.1) 

where AP is the set of p-dominant weights with respect to the parabolic subalgebra p of 0 and 
Pj ’s are defined in Definition 13.81 Following P , an element /r G A^ is called standard if the 
entries in each row of s increase weakly from left to right, where s is obtained from t in (14.11) 
by using pi — i 1 instead of i for all i ^ n. Let 


Ad = {p & Ad \ p is standard}. 


(6.2) 
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Definition 6.1. Fix two positive integers r and t. Define 
the subset of A^ such that each jj. G satisfies Ui = r — t if ^ — 

^7 = e A^-* I E ..>0 < r-}, n A^^ 


n Adi where A^ * is 
Let 


Let Od be the Serre subcategory of generated by the irreducible modules {L(/u) | 
/i G Arf}. Let be the Serre subcategory of Od generated by the irreducible modules 

{L(/i) I /r G L-ecall that Mp* = 0 0 H/®*. Then Mp* is an object in Od- 

Lemma 6.2. If ^ G A^, then [Me’* : L{^)] / 0 only if yL G A^*- In particular, Me’* is an 
object in 0^~^. 

Proof. It follows from M Theorem 3.6] that Mp* has a parabolic Verma flag such that each 
section is of form M'^{p,) for some fj, G A[]’*. On the other hand, if [Mf^ : L{fj.)] ^ 0, then 
[M'^{v) : L(/r)] ^ 0 for some v G A]]”*- This implies that v and p are in the same block and 
hence u = w ■ pL fox some w G &n and “ • ” is the usual dot action. So, /r G A^*- Tl 


Lemma 6.3. Let P{p) be the projective cover of simple Q-module L{p) G O'^. Then P{yL) is 
a direct summand of Mfl if and only if fx G A[^’*. 


Proof. It is well known that M{5c) projective and injective and hence tilting, where 5c is 
in Assumption 13.61 So is Mj’* and hence each indecomposable direct summand of Mj’* 
is tilting. If P{ijl) is a direct summand of Me’*, then P{p) is tilting and hence self-dual. 
By m Theorem 4.6], pL is standard. Since P{fr) has a parabolic Verma flag with top section 
AP{h)i M'^{pl) appears in a parabolic Verma flag of Me’*, forcing pt G A[]’*. Conversely, for 
every laGlCf, by [3 Theorem 4.5], there is a either in A]] ^’* or A]]’* ^ such that fiV = pL 
or CiV = pi for some i G n where e,,/* are known as Kashiwara operators. So, the simple 
module L{pi) is a quotient of either L^n) (g) V or L{v) 0 W. This implies that P{pl) is a direct 
summand of P{i') (g) V or P{v) 0 W. By induction assumption, P{i') is an indecomposable 
direct summand of either or Mc’*~^. Therefore, P{pi) is an indecomposable direct 

summand of Me’*. □ 

Following [6], let Rd{e) (denoted by RdW in [6]) be the category of rational representations 
of U(g,e) associated to d € in Assumption 13.61 In [H Corollary 5.4], Brundan-Kleshchev 
have proved that the simple objects in Rdie) are indexed by A^. Let D{fr) be the irreducible 
module in Rd{e) with respect to pt G Ad- 

Lemma 6.4. [71 Lemma 8.18] Let V : Od Rd{P) be the Whittaker functor defined in [71 
Lemma 8.20]. For any M G Od and any finite dimensional Q-module X, there is a natural 
isomorphism 


VMiX ■ V(M 0 V) ^ V(M) ® V 


(6.3) 
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of \J{Q,e)-modules. Moreover, given another finite dimensional module Q-module Y, the 
following diagram commutes: 

v(M o X (g) y) y{m 0 X)®y 

4'^M,X@idy (6.4) 

Y{M)®{X ®Y) {Y{M)®X)®Y 

where aY(^M),x,Y given in 115.12\) . 

Lemma 6.5. [71 Theorem 8.21]. Suppose p, G A^. Then Y{L{p)) = 0 unless p € A^. In the 
later case, Y{L{p)) = D{p). 

Recall that Si{M),Sj{M),ei{M), xi{M) andTi(M) for any g-module M and any U( 0 ,e)- 
module M in Definitions I5.2H5..S1 The following results are motivated by [ 6 ] . 

Proposition 6 . 6 . Suppose M G O^. We have: 

(1) xi{Y{M)) oi^M,v = t^m,v o^{xi{M)), 

(2) xi{Y{M)) o l'm,w = J^M,w o^ixiiM)), 

(3) (uMy ® ly) o VM^vy o V(si(M)) = si(V(M)) o {uMy ® ly) o T^M®vy, 

(4) (yM,iy ® liy) o vm®w,w oY{si{M)) = si{Y{M)) o {vm,w ® liy) o ^m®w,w, 

(5) {fMy ® liy) o ^M<S)V,w o V(ei(M)) = ei(V(M)) o {uMy ® liy) o yM®y,iy, 

Similarly, we have the equalities for Si{M) and Sj{M). In particular, when M = M'^{5c), 

V(Mp*) is an -bimodule, where is defined in (13.611 andoja’s satisfy (13.lip . 

Proof. (1) and (3) are (8.44)-(8.45) in the proof of [71 Lemma 8.19]. One can verify (2) 
and (4) similarly. Finally, (5) follows from the naturality of r'My<s>w aiid ()6.4I1 and the 
definitions of ei(M) and ei(V(M)). The last assertion follows from relations in (l)-(5) and 
Proposition 13.151 □ 

Lemma 6.7. Recall that Cd = Cld is the 1-dimensional p-module such that eijld = 

(a) The \J{g,e)-module Cd is projective in Rd{e) and moveover, Cd — Y{Mc), where Me 
is the parabolic Verma module with repect to 5c in Assumvtion \3.(A 

(b) As U( 0 , e)-modules, Y{Mf’^) ^ Q ® ® W®K 

(c) As {\J{Q,e),I^f^)-himodules, Y{Mf'^) = V^’^. 

Proof, (a) was proved in [ 6 ] and (b) follows from Lemma 16.41 and (a). Finally, (c) follows 
from (b). Proposition 16.61 and Corollary 15.51 □ 

Lemma 6.8. (cf. [ 6 l Lemma 5.7]) For any p G A^, let Q{p) = V(P(^)). If p ^ , then 

Q{p) is the projective cover of the simple object D(p) in Rd{e). 
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Proof. If t = 0, this is [HI Lemma 5.7]. Suppose t > 0 and /i G A^’ . By O Theorem 4.5], 
Pin) is a direct summand of P{i') 0 W for some v G Af . Since V(?) is exact, Q{fJ.) is a 
direct summand of Y{P{i') 0 W) = Q(z^) ® W. It follows from the proof of [HI Lemma 5.7] 
that the functor ? @ IT sends projective objects in Rd{e) to projective objects in Rd{e). By 
inductive assumption, Q{v) is projective and so is Qip). Write 

P{v) 0 IT = 

Then dimHomu(g e)(Q( 2 ^) ® W, D(/i)) = m^ (see the display at the end of the proof of [HI 
Lemma 5.7] where we switch the role between V and IT). So, Q(p) is indecomposable. By 
Lemma [H3] and the exactness of V(?), Q(fJ,) has to be the projective cover of D{p). □ 

For convenience, let be the isomorphism in Lemma l6.7l bL which is obtained by com¬ 
posing isomorphisms in Lemma l6.7l a]l and Lemma 16.41 Recall that is the isomorphism 
in Corollary 15.51 Let jr^t = ^^r,t ° ir,f Then is the isomorphism in Lemma l6.7l cL 

Lemma 6.9. For any object M G let 

be the map sending f to V(/) o j~^ . Then is a -module isomorphism. 

Proof. By Proposition 16.61 and Lemma iRTI cl . is a -homomorphism. So, it suffices to 

prove that 7 ]]^ is a linear isomorphism. Note that Mf’^ is projective, and the exact functor V 
sends a projective module to a projective module (see Lemma IHTSl) . So, both Homc)(Mc’*, ?) 
and Homu(g,e) (TJ’^ ?) are exact functors. It suffices to check that ^ linear isomorphism 
for any /i G By Lemma IRTI cL we need to show 

Romo{Mf^\Lip)) ^ Homu(g,e)(V(M,^’0, V(L(^))),/ ^ V(/) 

is a linear isomorphism. By Lemma 16.31 each indecomposable summands of is of form 
P{i') for some u G Af . Therefore it is enough to show 

Homo(P(z.), L{^,)) ^ Homu(g,e)(V(P(z^)), V(L(m))), / ^ V(/) (6.5) 

is a linear isomorphism for each p G A^“*,z/ G A^ *. By Lemmas 16.51 and 16.81 RHS (resp., 
LHS) of (|6.5p is of dimension So, it is enough to prove that the linear map in (16.51) 

is a linear isomorphism ii p = u. Since V is exact, by Lemma 16.51 V(/) 7 ^ 0 for any 
0 7^ / G Homo{P(n), L{iy)). This implies that the map from (16.511 is a linear isomorphism. □ 

Corollary 6.10. There is a -isomorphism ■ Endo(Mc’*) Endu(g,e)(T)^’*) sending 

f G Endc)(Mc’*) to ° jr,t ■ 

Theorem 6.11. Let p : S^k,rd Endc)(Mp*)°P be the algebra homomorphism in Proposi- 
tion 15'. 151 Then = kr^ ° (p, where T (resp., kr^) is given in Theorem \5.11\ (resp., Corol- 
laru \6.1()j . So, ip is always surjective, and it is injective if r -\-1 < Qk- 
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Proof. By Corollary 16.101 <1? = kr^t ° P- The second result follows from Theorem 15.111 and the 
first assertion. □ 

Remark 6.12. Let be the cyclotomic walled Brauer algebras where I is the 

two-sided ideal generated by f{xi) = nf=i(^i “ '^k) and g{xi) = \^=iixi —Uk) satisfying 
= {—l)^eig{xi), and cJq’s are determined by (13.lip . By Brundan-Kleshchev’s ar¬ 
guments in [6], one can choose a partition {qi,q 2 ,-" ^qk) of n such that ujq = n and ufs 
are determined by Definition 13.111 By Lemma 13.121 there are some Vi,l < i < k such 
that gi{xi) = nf=i(Ti “ Vi) acts trivially on Me (8) F <8> W. By arguments in the proof of 
Lemma [3.141 we have gixi) = gi(Ti). So, it is enough for us to assume that {qi,q 2 , • • • ,qk) 
is a partition of n when we study the representations of i^k,r,t whose parameters are arisen 
from mixed Schur-Weyl duality. 


7. Decomposition numbers of ^k,r,t arising from mixed Schur-Weyl duality 

In this section, we work over the ground held C. The aim of this section is to clas¬ 
sify highest weight vectors of Me’* under the assumption r -|- t < minigi, q 2 ,- " > where 
q = (91)92) ■ )9fc) is given in Assumption 13.61 This in turn gives an efficient way to com¬ 

pute decomposition numbers of ^k,r,t arising from mixed Schur-Weyl duality. Since we use 
Theorem 13.171 we do not assume that ( 91 , 92 )-" ,qk) is a partition. First, we consider the 
case t = 0. 

Recall that the degenerate affine Hecke algebra generated by xi and Si,i ^ r — 1 in 
section 2 and Xj+i = siXiSi — Si, i € r — 1 . The current xfs are the usual —xfs in [6] since 
we use —instead of in [£]. Thus, our current eigenvalues of xi are 

the same as those in [6] by multiplying —1. The cyclotomic (or level k) degenerate Hecke 
algebra '■= fl, where I is the two-sided ideal generated by f{xi) = n!(=i(3^i “ ^i) 
in Dehnition 13.111 

For each composition A = (Ai, A 2 , • • •)) ^ A:-partition (resp., composition) 

A of r is of form (A^^i, A^^i, • • • , A^^i) where each A^i is a partition (resp., composition) such 
that |A| = = V. Let (r) be the set of all /^-partitions of r. For each A G A)''(r), 

the Young diagram T(A) is a collection of boxes arranged in left-justified rows with Aj boxes 
in the ith row of Y (A). A X-tableau s is obtained by inserting elements i, 1 < i < r into Y (A) 
without repetition. A A-tableau s is said to be standard if the entries in s increase both from 
left to right in each row and from top to bottom in each column. Let .^®*'^(A) be the set of all 
standard A-tableaux. Let G =T®*'^(A) be obtained from Y (A) by adding 1, 2, • • • , r from left 
to right along the rows of [A]. Let t\ G be obtained from Y{X) by adding 1,2, ■ ,r 

from top to bottom along the columns of Y (A). For example, if A = (3, 2), then 

and tA = ('^T) 


t" = 


1 

2 

4 

5 
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If A € (r), then the corresponding Young diagram Y (A) is (y(A«),Y(A(2)),... ,Y(AW)). 

In this case, a X-tableau s = (si,S 2 , • • • ,Sfc) is obtained by inserting elements i G r into Y (A) 
without repetition. A A-tableau s is said to be standard if the entries in each St, i G k, 
increase both from left to right in each row and from top to bottom in each column. Let 
^std(A) ] 3 g ggi; gf standard A-tableaux. Let G be obtained from Y(A) by 

adding 1,2, •• • ,r from left to right along the rows of y(A^^^) and then and so on. 

Let tx G be obtained from [A] by adding 1,2,-•• ,r from top to bottom along the 

columns of [A^^^] and then and so on. For example, if A = ((3,2), (3,1)) € A^(9), 

then 

/ I-Ioi ^ ^ ^ (7.2) 


= 


1 

2 

CO 

4 

5 



6 

7 

00 

9 



and tx = 


5 

7 

9 

6 

00 



1 

CO 

4 

2 



Recall that 6r acts on the right of the set {1, 2, • • • , r} (i.e., the right action). Then &r acts on 
the right of a A-tableau s by permuting its entries. For example, if A = ((3, 2), (3,1)) G A^(9), 
and w = siS 2 , then 

, / loll I o I I I '7’ I o I \ 

(7.3) 


t^w = 


CO 

1 

2 

4 

5 



6 

7 

00 

9 



Write d(5) = w for w G &r if t^w = s. Then d(5) is uniquely determined by s. Let 
wx = d(tx)- Following [10], we define [A] = [ao,ai,-'' ,afc] for any A G A^(r) such that 
ao = 0 and Oj = I- Denote [A] Y [jj] if 0.1 < bi for 1 < i < k, provided that 

[/i] = [6o) ^1, • ■ ■ ) ^k]- Let G 6r be dehned by 

(oj-i -|- 0'fC'[A] = r — ai + I, for all i with Oj-i < Oj, 1 < / < Oj — Oj-i. (7.4) 


For example. 


w[x] 


A 2 3 4 5 6 7 8 9A . . , 

1^6 7 8 9 2 3 4 5 ly) 


[0,4, 8,9]. 


Let t® (resp., L) be the ith subtableau of (resp., t'''t(;|^|), and dehne by = L- 

Likewise, if we dehne t® (resp., L) the ith subtableau of t'^'R’[A] (resp., Ia), and with 

t®u;(j) = ii, then 


wx = w'(i)w^(2) ■ ■ ■ '»^(fc)W^[A] = W[\]W{k)W{k-i) ■ ■ ■ W(i), = Wk-i+i- (7.5) 

The row stabilizer ©a of for A G A^(r) is known as the Young subgroup of with respect 
to A. It is the same as the Young subgroup &j with respect to the composition A, which is 
obtained from A by concatenation. For example, if A = ((3, 2), (3,1)) then A = (3, 2,3,1). 
The following dehnition follows from [2]. 


Definition 7.1. Suppose A G A^(r) and ui,U2,-" ,Uk G C. Let xa = 7r[A]2;A’ ~ ^[aI^A’ 

where 

a) ^[A] = T^aiiui+i), and 7f[A] = 7ra.(ufc_j), and 7Ta{u) = Yli^i{xi - u) for u G C 
and a G and '/ro(tt) = 1, 

b) xj = and yj = X^^g@_(—1)^^®®'A, where £(w) is the length of w. 
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For any A G (r), the conjugate A' of A is of form • j where is the 

conjugate of A^*\ For s,t € ^^(A), let Xsi = d{5)~^xxd{t) and = d{5)~^yxd{t). 

Theorem 7.2. [2] J^k,r is a cellular algebra in the sense of [12] with both Si and S 2 being its 
cellular bases, where Si = {xsi | s, t € A G (r)} and S 2 = {vsi | s, t € A G 

Afc(i’)}- The required anti-involution is the C-linear anti-involution fixing generators xi and 
Si, i G r — 1 . 

For each A G A^(r), following [12], define C(A) to be the cell module with respect to the 
cellular basis S 2 in Theorem 17.21 The classical Specht module = xxwxyx'J^k,r- It is 
well-known that 

C(A') = S^,VA G A+(r). (7.6) 

Definition 7.3. For any A G A+ (r), define A = Ei<i<fc and A = 5^ +A, 

where pfs and dc are in Assumption 13.61 

Recall that V is the natural g-module with a basis {vi,V 2 , • • • ,Vn}- Then its linear dual 
W has a basis • • • ,u*} such that {vi,Vj) = 5ij. Recall that any element in I{n,r) is 

of form i = {ir,ir-i, ■■■ ,ii) and Vi = Vi^ ® ig) • • • (g) Ujj. 

Definition 7.4. Suppose A G A^(r). Define 

\(j) 

a) lA = (iA(fc)AA(fe-i)G •• AaCi)) G-I(n,n), where i;^ 0 ) = ((Pj) , • • • , (pj_i + 1)A ), and 

b) Vi = m® V{^wxyx'd{i), for any t G where m is the highest weight vector of 

M,. 

Recall that p is the parabolic subalgebra of g whose Levi subalgebra 1 = gl^^ ®0lg2 ® ''' ® 
glg^. Let Me G O'^ be the parabolic Verma module with respect to the highest weight 5c in 
Assumption 13.61 The following result, which will be used to classify highest weight vectors 
of Me’*, may be well-known for experts. We leave the proof to the reader. 

Lemma 7.5. Suppose that N is a finite dimensional Q-module. For any Q-highest weight 
vector G Me ® N, there is a unique [-highest weight vector w € N with weight p — 5c such 
that v^ — m®w G M“ ig) N, where m is the highest weight veetor of Me and Mfi is the direet 
sum of weight spaces {Mc)u such that v < 5c- 

We need the following well-known results (see, e.g. [22] 1. 

Lemma 7.6. Suppose A and p are two compositions of r and p' is the conjugate of p. Then 
xxC&rPfj,' = 0 unless A < p. 

Lemma 7.7. Suppose n > r. There is a bijeetion between the set of dominant weights of 
and A+(r, n), the set of partitions of r with at most n parts. Further, the C-space of 
Q-highest weight vectors with highest weight A has a basis {vi^wxyx'd{i) \ t G 
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Theorem 7.8. Suppose r < min{qi, q 2 ,- " > 9 fc}- 

a) There is a bijection between A^(r) and the set of p- dominant weights pL sueh that 
eontains at least a highest weight vector with highest weight pL. 

b) Let be the C-space whieh eonsists of all Q-highest weight vectors of with highest 

weight A = (5c + A. Then {ut | t G is a basis of V^. 

Proof, (a) follows from Lemma 17.51 and (b). We claim that Vi is a g-highest weight vector of 
Mc’^. Since d{t) is invertible, it is enough for us to consider the case d(t) = 1. 

By Lemma 17.71 = 0 for any G n'*' H I, where is the positive part of g. 

It remains to show that = 0 for any 1 < i < k — 1. If Up.+i does not occur in 

Vi^, then = 0. Otherwise, Up.+i occurs in Vi^, forcing ^ 0. Recall that 

[A] = [ao,ai,--- ,afc_i,afc]. So, 

epi,pi+iVi = m® O • • • ® ® ® O • • • ® wxyxp 

l<a<Af+^^ 

where i^ is obtained from i;^(i+i) by using pi instead of p* + 1 at (a* + a)th position. Let 
j = (iA('=) G • • iAG+ 2 ) Oi > '^xii) ■■■ ) iA(i)) € 7(n, r). Then 

epi,pi+iut = m (g) Vjhw[x]TT[x']- (7.7) 

where h = + o.)i and (z,j) is the permutation which switches i and 

j and fixes others. So, hw^x] = for some hi in the group algebra of the Young 

subgroup ©jy] of &r with respect to the composition (r — Ok-i, ■■■ ,02 — ai,ai — ao), and 
hence hiTr^y] = ttjyj/ii, and 

m (g) Vjhwix]T^ix'] =m® (g • • • (g) ® (g) ni^d+ 2 ) ® ® %(fc)^[A']^i- 

For the simplification of notation, write bi = r — Ok-i, 1 < i < k. Then the tensor factor of 
m (g g) • • • (g g g '^'^y^ii+ 2 ) ® ■ ■ ■ © {bk-i-i + l)th position is Vp^. So, it 

suffices to verify 

m g g • • • g g Uij g © • • • ® (1, bk-i-i + l)^7f[v] = 0. (7.8) 

However, the tensor factor of m g g • • • g g g ® ‘ ‘ ‘ © (^’ ^k-i-i + 1) 

at 1-st position is Vp^. Since we are assuming that A^+^l ^ 0, bk-i > b^-i-i- Note that 7 ra(x) 
commutes with Sj for any j 7 ^ a. We have 

i 

{l,bk-i-i + l)7f[v] =n (xi — Uj)h, for some h G J^k,r- 
i=i 

Since m®Vp. G Mj, where Mj is given in Lemma 13.121 (|7.8p follows from Lemma l3.12l faL 
Next we verify ut 7 ^ 0. Write 

V = Vi^WxVjr = Y 

iG/(n,r) 


(7.9) 
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Since is invertible, by Lemma [7771 v 0. Let V\ be the set of all Vi in (|7.9p such that 
bi ^ 0. Obviously, for any v\^V\, 

{*fe,_i+i,4,_i+2,--- ,4,} ^ Pfc-j+1,1 <j<k, (7.10) 

where pfc_j+i’s are defined in Definition 13.81 On the other hand, contains a unique term 
^ 2 ^ such that a G and Yli is maximal. By Lemma 13.101 and Remark 13.151 

• • • x“’’ contains a unique tensor with highest degree J2i Also, it is the unique 
term of m O with highest degree Yli other hand, via arguments similar to 

those in the proof of Theorem 13.171 one can easily see that {m 0 ■ ■ ■ x“’’ | v\ G Vx} 

is linearly independent. So Vi ^ 0. By Lemma 17.51 the m-component of ut is atvd{i) for some 
at G C*, where v is given in ()7.9p . By Lemma im {ud(t) | t G is linear independent. 

Using Lemma 17.51 shows that {ut | t G is linear independent, too. This completes 

the proof of (b). □ 


Theorem 7.9. For any A G A^(r), let A be defined in Theorem \ 7. 4 As right ■jiTk,r-fnodules, 

Homo(MP(A),Mc’’’°) ^ C(A'). 


Proof. For any t G by the universal property of parabolic Verma modules, we define 

fi G Homop (MP(A), Mc’°) such that = vt, where is the highest weight vector of 

MP(A). By Theorem 17.81 {/t | t G is a basis of Rom.o{M^{X), 

Let 4> : ^ he the linear isomorphism sending vi to xxw\yyd{i), where is the 

classical Specht module for J^k,r (see (l7.6p L We claim that cp is an J^^^-homomorphism. In 
fact, by Theorem 17.21 

yx'd{t)h = ^ asyx'd{5) + ^ asy,Bid{52)~^yvd{5i). (7.11) 

for any h G and some a^, 052,01 ^ is well known that xxJfk,ryu = 0 if A, u G (r) 
and X\> v' . Since X> v' \i and only if A^ < 1 we have 

4){vi)h = ^ asxxwxy\'d{5) = ^ asfiivs). 

In order to complete the proof of our claim, we need to verify 

m0Vi^wxd{52)~^yu = h (7.12) 

Since we are assuming ly \> X' , either [ly] = [A'] or [A'] ^ [u]. In the first case, ()7.12l) follows 
from Lemma ITTI Write [u] = [0, 61 , 62 ,'and [A'] = [0, 01 , 02 ,-•• ,ak]. In the second 
case, there is an i such that aj = bj for j < i and Oi <bi. So, 

m ® Vi^Wxd{B 2 )~^Tiy^] =m® OjTTft, {uk-i) ■ ■ ■ Tibk-i {ui){ai + 1, l)7:bi {uk-i) ■ ■ ■ vr6,_^ (uk-i+i) 

where oj = Vi^wxd{52)~^{ai + 1,1) and ji G Pk-i- Since {xi — ui) ■ ■ ■ {xi — Uk-i) is a 
factor of 7rb.(ofc_i) • • •7rfej^_^(oi), by Lemma E^a), m ® v^'Kbfiuk-i) ■ ■ ■'nb^^_fiul) = 0. So 
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Vih = (k{'^i)h = (j){vih). This proves our claim and hence 

as right J^^^-modules. Via it, it is routine to check that there is an J^^^-isomorphism 

Homc)(MP(A), Mc’*^) = 5^. By (I7.6p . the result follows. □ 

By similar arguments as Theorem 17.81 we can also give a classification of highest weight 
vectors of M^’*. In this case, the parameters Ui of cyclotomic Hecke algebra J^k,t should be 
replaced by Mfc_i+i’s in Definition 13.111 for any i ^ k. In this case, we define 

A* = ^ ^ and A* = dc + A* for any A € (t). (7-13) 

l<i<k pi-i<j<pi 

Definition 7.10. Suppose A G A^(t). Define 

a) A° = ■ ,AA)), 

\(j) 

b) ixo = {ix(k)r • • ,i;^( 2 ),iA(i)) € I{n,t), where i;^o) = ((pj)V , • • • , {pj-i + 1) ), 

c) = m® v'^^„Wxoy(^x°yd{t) for any t G .^^^'^((A°)'). 

Corollary 7.11. Suppose that t < min{(7i, (720 '' ^Qk}- 

a) There is a bijection between A^(t) and the set of X>-dominant weights A such that Mc’^ 
contains at least a highest weight vector with highest weight A. 

b) The C-space of Q-highest weight vectors of Mc’^ with highest weight A* has a basis 
{ut* I tG .^**'^((A°)')}. 

We are going to classify highest weight vectors of Mj’* under the assumption r + t < 
min{gi, < 72 , • • • ,qk}- We need some of results on a cellular basis of a cyclotomic walled Brauer 
algebra as follows. Fix r,t,f G with / < min{r, t}. Define 

'^r,t ~ {Sr-f+l,ir-f+iSt-f+l,jt-f+l ' I ^ ^ A > ' ' ' > A-/+1 j Jfc ^ ^ + f ~t}- (7-14) 

For each c G as in (I7.14p . let Kc be the r-tuple 

= (^ 1 ) ■ ■ ■, kr) G and ki = 0 unless i = ir,ir-i, ■ ■ ■ ■, ir-f+i- (7-15) 

Note that Kc may have more than one choice for a fixed c, and it may be equal to Kd although 
c / d for c,d G Let N/= {kc | cG If Kc G Nj, define x'^'^ = In [21], we 

consider poset where 

Afc,r,t = {(/, A,/i) I (A,/r) G A+(r-/) x A-^it-f), 0</<min{r,t}} , (7.16) 

such that (/, A, p) > {£, a, j3) for (/, A, p), (£, a, (5) G Ak^r,t if either f > i or f = i and A >i a, 
and p >2 (3, and in case f = i, the orders and >2 are dominant orders on A^(r —/) and 
A^(t — /) respectively. Define 

^i,j ~ SjpSipeiSi^iSij for i,j with 1 < z < r and 1 < j < t. 


(7.17) 
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Definition 7.12. For (/,/r,z^) G ^k,r,ti define 

X X vl^ X Nj. 

For any (s, d, Kd), (t, c, Kc) G 6{f, /r, u), define 

^ {s,d,k^),{i,c,kc) ^ d G^y^iCX , 

where ''' ^r-f+i,t-f+i if / > 1 and e° = 1, y^t = ys(i)t(i) 2 /s( 2 )t( 2 ), s,t G 

Theorem 7.13. The set 

^ = {C'(s,c,«:c),(t,<iAd) I {5,C,Kc),it,d,Kd) G (5(/,A),V(/,A) G Afe,r,t}, 

is a weakly cellular basis of ^k,r,t over C in the sense of m- The required anti-involution is 
a in Lemma [KM 

Proof. This result has been proved in [21] for k = 2. In general, see Remark 3.8 in [22]. □ 

For each (/, |U,u) G h.k,r,t-: i^f C{f,n,i') be the celll module with respect to the weakly 
cellular basis of ^^k,r,t in Theorem 17.131 The following result can be proved by arguments 
similar to those in the proof of Proposition 3.9 in |21j . 

Lemma 7.14. Let C{f, y, n) = e^x^XyW^Wyy^iy^i^^k,r,t{'o^od where is the two- 

sided ideal generated by e^^^. 

a) The set {e^Xij_x^w^Wyy^iyytd{i)dx^<^{ mod \ {i,d,Kd) G 6{f,y',n')} is a basis of 

C{f,y,n). 

b) As right ^k,r,t''o^odules, C{f,y,v) = C{f,y'.,v'). 

Definition 7.15. Assume r + t < mm{gi, g 2 ) • ■ ■ j %} and (/, y, u) G Ak^r,t- Define 

(1) i = (1, • • • , l,i^) G I{n,r), where i^ is defined in Definition 17.41 

(2) j = (ijyo, 1, • • • ,1) € I{n,t), where ij^o is defined in Definition 17. lUl 

(3) A* = (^P,--- ,yi'\0--- GZ-?*, 

(4) A^,, = (Ai, A2, • ■ ■ , A^) = (Ai, As, • ■ ■ , Xn) € Z", 

(5) = m Ui ® where X^^u = Y17=i and 5c is in Assumption 13.61 

(6) vyd,Ka = y w^^uy^'y(yoyd{i)dx^'^, (t, d, k^) G 5{f,y', (u°)'), and = w^w^o. 

Theorem 7.16. Suppose r + t < min{(7i, ( 72 , •• • ,9fc}- 

(1) There is a bijection between Ak^r,t ond the set of p-dominant weights X such that Mf’^ 
contains at least a highest weight vector with highest weight A. Moreover, the map 
sends {f,y,iy) to A^^,y which is defined in Definition \7. 15^ 5). 

(2) The C-space Vy of g-highest weight vectors of Me’* with highest weight X^^y has a 

basis S = {vi^d,ka I G 5{f,y',{v°y)}. 
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Proof, (a) follows from Lemma [73] and (b). By Theorem 17.81 and Corollary 17.Ill we have (b) 
when / = 0. Since {vi 0 v*)ei = Sij ® ~ possible j. 

So, it suffices to show that acts on m 0 Vi^ 0 v’l trivially if / > 0. This 

follows from our previous result on / = 0. It remains to prove that S is linearly independent. 
Define 

and = vl^^w^oy-^, (7.18) 

where //' (resp., (z^°)') is the composition of r —/ (resp., t — f) obtained from /r' (resp., { 1 '°)') 
by concatenation. So, 

Vi,d,ka ='m® 0 0 vlo 0 (ui)®-^7r[^/]7r[(,,o)/]e-^(i(t)dx^'^. 

Let be the walled Brauer diagram with respect to d{i)d. Note that 7f[^/] (resp., 7f[(yoy]) 
contains a unique term say, (resp., F^o = x^^x^^ ■ ■ -x^fj) with highest 

degree a* (resp., where a G (resp., /3 € So, 7r[^/]7r[(,^o)/] = F^Fyo up 

to some terms of lower degrees. Let 

a) = {i I i € /(n, r — /),Ui appears in with a non-zero coefficient}, 

h) P. = {i I i G /(n,t — f),vl appears in v*o with a non-zero coefficient}. 

Suppose (l,m) G p^ x p^, and d = ■ ■ ■ Sr,i,slj^ G We dehne 

a labeled walled Brauer diagram Di^a with respect to so as to describe the action of 
F^FyDi^dx'^'^ on m 0 vf^ 0 ui 0 0 (u})®-^. Recall that Ki is called the Rh component of Kd 

if Kd = (ki, K 2 , • • • , Kr) G N^. First, we insert some beads at some vertices of D^ d as follows. 

a) There are ai (resp., j3j) beads at the ith (resp., jth) vertex at the top row of Di^d, 
l<i<r- f (resp., 1 < j < t - /), 

h) There are a beads at the v_/j_|_ith vertex at the bottom row of D^_ d) 1 < h < /, if the 
V-h-i-itb component of Kd is a. 

Secondly, we label some positive integers at all vertices of Di^d as follows. 

a) The vertices (r, r — 1, • • • , 1; 1, 2 • • • , t) at the top row of Di^d are labeled with positive 
integers according to the sequence b := (bi;b 2 ), where 

/ / 

(bi;b2) = (1,1,-- - , mf_/, 1,1, • • • ,1). 

b) The vertices at the bottom row of D^d are labeled according to 

the sequence {pk-i + + l,Pfc-i + + 2, • • • ,pk-i -h + /) of positive 

integers. Moreover, if the labeling of is p, then the labeling of the vertex of V-z is 
p — Qk-j, provided that there are h beads at the vertex ir-i- 

c) Suppose [i,j] is an edge of D^d and i is a vertex at the top row. Suppose there are 
h beads at the vertex i, and the labeling of i is p G p/, then the labeling of j is 
P ~ X]m=l Qi-m, 
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d) Suppose |7, j] is an edge of and i is a vertex at the top row. Suppose there are 
h beads at the vertex i, and the labeling of i is p € p/, then the labeling of j is 
P + X^m=l Qrn+l- 

Since we are assuming r + t < min{(7i, ( 72 , • ‘ ‘ ^Qk}, the above is well-defined. For pairs 
and {mj,j3j) (determined by the labeled walled Brauer diagram defined above), define 


ymj,Pj,j = emj+qo+i,mjemj+qo+i+qo+2,mj+qo+i ■ ■ ■ e fij Pj-l , 


(7.19) 


if k G p; and rrij G Po- For the vertex i^-i at the bottom row of we have the pair say, 
(p — Ylj=i Qk-j, h) if there are h beads at the vertex ir-i- Define 


^p-i:^=i<ik-j,h ~ ^P^P-<ik-yp-<ik-i,p-qk-i-qk-2 

- rr^-/ • 


' G — 1 • 


Consider the ordered product 3^ = n:z(yk,a^,nUy 

J - - JJ z^j^l Hk-j 

Lemma [3.101 and Remark 13.161 the coefficient of ym ® Um Ci in is ^(t,d),(t,d') np 

to a non-zero multiple, where n = (ni;n 2 ) is the sequence of positive integers obtained by 
reading the labeling of vertices at the bottom row of the labeled walled Brauer diagram Di^d 
from left to right. So, S in (2) is C-linear independent. □ 


-3’t- ^3 = 


(7.20) 




By 


Example 7.17. Assume {qi,q2,k,r,t, f) = (11,12,2,5,6,1). Suppose p = ((2), (1,1)) 
and v = (( 2 ), ( 2 , 1 )), and d = 55, and (i(t) = S 2 S 3 S 4 S 2 S 3 and Kd = ( 0 '^, 1 ), and (l;m) = 
(1,1,13,12; 11,11, 23, 23,22). Then = X1X2 and F^o = X1X2 and x'^‘^ = X5. The following 
diagram is Di d- In this case, 

a) b = (1,1,1,13,12; 11,11,23, 23, 22,1), 

b) n= (3,1,1,1, 2; 22,23, 22, 22,14, 23), 

c) 3^12,1,1 = ei2,l, 3^13,1,2 = ei3,2, 3^3 1 = 614,3, (Vll,l,l = 622,11 and Til,1,2 = 622,11- 



Theorem 7.18. For any (/, p, u) G yk,r,tj Homc)(MP(A^,;y), Me’*) = C'(/, p', (u°)') as right 
i^k,r,t''^^dules, where is defined in Definition\7.15^5). 
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Proof. By Lemma I7.14f a) and Theorem IZ.ldf bL the linear map 4> : 
satisfying 


4>{vi,d,Ki) = x^XuWi,Wyoy^,y(^oyd{i)dx'^<^{ mod V(t,(i,Arf) € 5{f,y',{u°y) 

is a linear isomorphism. In order to show that 4> is a ,. 4 -homomorphism, it remains to 
prove 


w 


'/i,!^C'(Sl,Cl,Kcj),(S2,C2,Kc2) ~ ^ 


(7.21) 


for any C'(si,ci,fcci),(s 2 ,c 2 ,fcc 2 ) ^ ^ ^ ’ where ^ ^ is the C-subspace of ^k,r,t 

spanned by all <^( 31 , 01 ,fee,),(S 2 ,c 2 ,fcc 2 ) (si, ci, fccj, (s 2 , C 2 , ^ 02 ) € 6{i,a,l3) and {£,a,l3) > 
(/,/u', (z/°)') (cf. the proof of Theorem I7.9p . Suppose Si G x such that 

a G (r — 1) and /3 G {t — 1). So either I > f or I = f and either a > y' or (3 t> {f^)'■ In 
the first case, it’s easy to see that (j7.2ip holds. The second case follows from the arguments 
in the proof of Lemma 17.91 Finally, the result follows from Lemma l7.14r bL □ 


Recall that A.k^r,t is the poset in (|7.16p . Let C Afc,.^ such that each cell module 

C{f, y, v) has simple head for any (/, /x, u) G ^k,r,t- See Proposition 3.7 and Remark 3.8 

in [22] . The following is the second main result of this paper. 


Theorem 7.19. Suppose r + t< min{gi, (72, ■ '' ^Qk}- For any {f,pi,v) G Afc^,.^t, (f, a, / 3 ) G 
^k,r,t! CFi^a^fs) ■ ~ where T{Xa^y) is the indecompos¬ 

able tilting module with respect to Xa,y in Definition \7.15 . 

Proof. Since Me’* is a tilting module in O^, it follows from the arguments in Section 5 
in [T] that Endc)(Mc’*) is a cellular algebra and for any A G A^’*, Homc)(MP(A), Me’*) (resp., 
Homc)(Me,t, A^P(A))) is the corresponding right (resp., left ) cell module of Endo(Mc’*) where 
A^P(A) is the dual parabolic Verma module with respect to A. By Theorem 13.171 we have 

Endo(M,’'’*) ^ t^k,r,t (7.22) 

where ^k,r,t is dehned in (I3.12p . By Theorem 17.18] Homc)(MP(A 4 ,,,y), Me’*) = C{f,fj,', (i^°)0- 
So we have 

Homo(Mp*,iVP(A^_,)) - C{f,fi', {u^Y) (7.23) 

as left cell modules of ^k,r,t- By [H Proposition 5.4] the indecomposable tilting module T{X) 
appears as an indecomposable direct summand of Me’* if and only if A = Aq,/? and is 

a simple head of C{i, a', (/3°)0- Moreover, we can deduce from the proof of [U Proposition 5.4] 

that 

mrrro{MY\T{K,p)) = P{1, a', (^)'), (7.24) 

where P{i,a',{/3°y) is the projective cover of f .— Homc)(Mc’*, ?) and 

g = Mc’*®^^,Then by (|7.22l) and standard arguments (see, e.g. [IHl Lemma 5.10]), 
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gf{TCK,fi)) = T{K^p) for any (£,a,/3) G Ak,r,t- By ([723])-(M), 

(P(£, a', (/3'’)'), C(/,/i', K)')) 

Comparing the dimensions for both sides of (|7.25l) yields the result as required 
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